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Implicit Lambda Methods for Three-Dimensional
Compressible Flow

M. Napolitano* and A. Dadonef
Universita di Bari, Bari, Italy

This paper derives the three-dimensional lambda-formulation equations for a general orthogonal curvilinear
coordinate system and provides various block-explicit and block-implicit methods for solving them numerically.
Three model problems, characterized by subsonic, supersonic, and transonic flow conditions, are used to assess the
reliability and compare the efficiency of the proposed methods.

Introduction

AMONG the many theoretical models employed in the
numerical simulation of compressible inviscid flows, the

so-called lambda-formulation has received considerable inter-
est.1"8 In this formulation, the time-dependent Euler equations
are recast into compatibility conditions of bicharacteristic
variables along corresponding bicharacteristic lines and dis-
cretized using upwind differences, in order to correctly account
for the direction of wave propagation phenomena. Such an
approach has many good properties: it provides very accurate
numerical results, even with rather coarse meshes2'3'6; it
requires only the physical boundary conditions, so that there
is no need for any additional numerical boundary treatments,
which are frequently the cause of numerical instability9; it
handles in a most automatic and physically sound way mixed
supersonic-subsonic flowfields; and finally, it has a well docu-
mented, although controversial, capability of capturing shocks
without any additional artificial dissipation.2'6

Because of these properties, in spite of the fact that the
"captured shocks" are only isentropic approximations to cor-
rect weak solutions of the Euler equations and do not cor-
rectly move within the flowfield unless properly fitted,4 the
lambda-formulation is considered to be a very useful and
reliable tool for predicting compressible flowfields and there-
fore very worthy of further studies and improvement. In fact,
in the last two years, for the cases of quasi-one-dimensional
and two-dimensional flows, the development of various kinds
of implicit integration schemes5"8 has removed the only major
limitation of previous lambda methods, namely, the Courant-
Friedrichs-Lewy (CFL) stability restriction associated with
their explicit integration procedures.

It now appears very timely and worthwhile to develop
efficient numerical methods based on the lambda-formulation
for three-dimensional flows. In the present paper, the "most
appropriate" three-dimensional lambda-formulation equations
are first derived for the case of a general orthogonal curvilinear
coordinate system. The governing equations are then dis-
cretized and linearized in time using a delta approach,11 and
various block-explicit as well as block-implicit numerical tech-
niques are proposed to solve the resulting discrete equations
approximately at every time step. Finally, all of the proposed
methods are applied to solve three model problems, char-
acterized by subsonic, supersonic, and transonic flow condi-
tions, respectively, in order to assess their reliability and
efficiency.

Three-Dimensional Lambda-Formulation
Equations

The nondimensional continuity and momentum (Euler)
equations for the homentropic flow of a perfect gas are given
in vector form as3'5

(1)

(2)

where a is the speed of sound, v the velocity vector, v the
gradient operator, subscript t indicates partial derivatives with
respect to time, and 8 = 2/(y — 1), where y is the specific
heat ratio.

In a general orthogonal curvilinear coordinate system we
have
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where ei ( j = 1,2,3) are the unit vectors of the (right-handed)
orthogonal curvilinear coordinate system, qi and ht the corre-
sponding coordinates and scale factors, ds^hjdq^ the ele-
mentary arc lengths along the coordinate lines,10 and vt the
components of v. Equations (1) and (2) can be written in the
general orthogonal curvilinear coordinate system by means of
Eqs. (3-5) and some lengthy but straightforward algebra. The
only difficulty is the evaluation of the derivatives of the unit
vectors ef with respect to the coordinates qt. These expres-
sions are therefore given as
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The six lambda compatibility equations can now be obtained
by summing and subtracting from the continuity equation (1)
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each component of the momentum equation (2), to give
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definitions, Eqs. (9), imply that:

v,-(C+D)/2

v2 = (E+F)/2

v} = (G+H)/2

so that

F=-C+D+E

H =-C+D+G

(12a)

(12b)

(12c)

(12d,e,f)

(13)

(14)

Therefore, any numerical solution obtained by integrating
Eqs. (8) directly would lead to a " nonuniqueness" in the value
of the speed of sound a. Furthermore, the right-hand sides of
Eqs. (8), namely the y, coefficients, contain spatial derivatives
of the velocity components, which are not associated with the
convection of physical disturbances and are therefore Hkely to
reduce the accuracy of the spatial discretization, if not the
stabiHty of the integration process. For these reasons, as in
Refs. 5 and 6 for the two-dimensional case, the following
equivalent system is obtained by taking a complete set of
appropriate linear combinations of Eqs. (8).

where C, Z>, £,
variables given as

(8f)

G, and H are the six bicharacteristic

C = v1 + 8a

D = V — 8a

F — v2 — 8a
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and oi2, ft2> • • • 9 73 nave verv similar expressions which can be
obtained by appropriate subscript rotation and are thus
omitted for the sake of conciseness.

Equations (8) are the compatibility conditions of the bichar-
acteristic variables along their bicharacteristic lines (in the
four-dimensional qi,q2,q3,t space), the left-hand sides of
Eqs. (8) clearly being total derivatives along such lines. There-
fore, they could be integrated by means of any numerical
method using upwind differences according to the direction of
wave propagation along the bicharacteristic lines, thus provid-
ing a three-dimensional lambda scheme. However, as in the
two-dimensional case,6 there are two major difficulties associ-
ated with solving Eqs. (8) numerically. First, the six bichar-
acteristic variables are not independent, insofar as their very
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It is noteworthy that Eqs. (15-17) are simply the three
components of the momentum equation (2), expressed as the
sums of two compatibility conditions of two bicharacteristic
variables along their bicharacteristic lines, whereas Eqs. (18-20)
all coincide with the continuity equation (1). Also, after a
straightforward integration with respect to time, Eqs. (19) and
(20) reproduce identically Eqs. (13) and (14), so that they
effectively reduce the number of dependent variables from six
to four and any numerical integration of Eqs. (13-18) will
guarantee a unique solution for the physical variable a. Fi-
nally, the right-hand sides of Eqs. (15-18) are seen to contain
only source-like terms which do not involve spatial derivatives
of the dependent variables and, therefore, are not Hkely to
deteriorate the accuracy of any numerical method using up-
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wind differences for the " total" derivatives of the bicharacter-
istics variables.

For these reasons Eqs. (13-18) are considered the "most
appropriate" three-dimensional lambda-formulation equations
for a general orthogonal coordinate system and will be the
basis for all of the numerical methods proposed in this study.

Numerical Methods
The governing equations (13-18) are discretized and lin-

earized in time using the delta form11 to give

(21)

(22)

(23)
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where Cartesian coordinates (x,y,z) have been used for
simplicity, w, f , and w are the Cartesian components of v,
subscripts indicate partial derivatives, A/ is the time step,
AC = Cn + ] — Cn (the superscripts n + 1 and n indicating the
new and old time levels tn + 1 = t" + A/ and tn), etc. Equations
(21-26) constitute a first-order-accurate implicit time discreti-
zation of the corresponding differential problem. Equations
(21-24) are then discretized in space, using two-point first-
order-accurate upwind differences which properly account for
the direction of wave propagation, and the AF and A H
unknowns are eliminated in favor of AC, AD, AE, and AG
by means of Eqs. (25) and (26) to produce, together with
appropriate boundary conditions, a large 4 X 4 block-sparse
linear system of the type

Af=b (27)

For the case of a cubic integration domain having TV grid-
points in every spatial direction, A is a square matrix of order
N3 having only seven nonzero diagonals of 4x4-matrix-
elements, / is the unknown vector having N3 four-element-
vector-components, and b is the known coefficient vector. It is
noteworthy that in previous works5'6 a second-order-accurate
time linearization was employed. However, due to the use of
a backward Euler time discretization, Eq. (27) is only
first-order-accurate in time anyway. Moreover, the present

linearization, coupled with two-point upwind difference ap-
proximations for the left-hand sides of Eqs. (21-24), leads to a
diagonally dominant matrix A and has been verified to in-
crease the stability of all the implicit methods to be proposed
later in this study. It is also noteworthy that second-order-
accurate, three-point upwind differences can be used to
approximate the right-hand sides of Eqs. (21-24) (without
altering the matrix A) so that, if the flow reaches a steady
state, the final solution is second-order-accurate.5'6

The main reason to employ an implicit method is to remove
the CFL stability restriction, thus improving the efficiency of
the calculations. However, a direct solution of Eq. (27), even if
feasible, is certainly impractical. Therefore, matrix A will be
replaced by a matrix B which is easily invertible and is a
first-order-accurate approximation (in time) of A.

A Block-Explicit (BE) Method
The simplest first-order-accurate approximation to A can be

obtained by dropping all but the time-derivative terms in the
left-hand sides of Eqs. (21-24). The resulting matrix B is
diagonal, and a simple 4 x 4 linear system needs to be solved
at every gridpoint to provide the local AC, AD, A£, and AG
values. Furthermore, Eqs. (21-24) can be rearranged to give

2AC
A/
AC AD

AC AD
Ar Af

¥+¥A/ A/

2A£

= RHS(21) + RHS(24) (28)

- RHS(21) (29)

= RHS(22) (30)

(31)+^=RHS(23)A/ v '

[where RHS(21) is a shorthand notation for the right-hand
side of Eq. (21), etc.] so that every element of B is a 4 X 4
lower triangular matrix which can be inverted directly. The
present BE method has been developed mainly for assessing
the efficiency of various implicit methods; however, due to its
extreme coding simplicity, it could very well be a useful tool
by itself, especially if implemented on a vector computer.

A Block-Alternating-Direction-Implicit (BADI) Method
An alternating-direction-implicit (ADI) technique has been

developed which is a direct extension of the three-dimensional
problems of the method of Refs. 5 and 6. A three-sweep ADI
process is used to solve Eq. (27) approximately. At the first
sweep the t and x derivatives in the left-hand sides of Eqs.
(21-24) are evaluated implicitly, whereas the y and z deriva-
tives are evaluated explicitly. At the second and third sweeps
the t and y and t and z derivatives are evaluated implicitly so
that A is approximated by the product of three 4 x 4 block-
tridiagonal matrices. In practice, at every sweep of the BADI
method a 4 X 4 block-tridiagonal system of order TV has to be
solved along each line of the computational grid, so that 37V2

such systems need to be solved at every time step [i.e., to solve
Eq. (27) approximately]. With respect to two-dimensional flow
problems, the present ADI method is less competitive as
compared to a standard explicit method for two reasons: the
block size of the tridiagonal systems increases from three to
four, and, more importantly, the number of tridiagonal sys-
tems to be solved at every time step grows from 2N to 3TV2.
Actually, for the simple problems later considered in this
study the computer time per step for an II3 mesh was found
to be about 30 times greater than that required by the BE
method. More efficient implicit methods need therefore to be
devised for the three-dimensional lambda-formulation equa-
tions.
A Block-Line-Gauss-Seidel (BLGS) Method

Classical relaxation methods have been recently employed
with considerable success in connection with "upwind
schemes" for the one- and two-dimensional Euler equa-
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tions.7'8'12 Here an obvious choice, which would lead to a
reduction of the computer time per step to about one third, is
to employ a single step 4 X 4 block-line-Gauss-Seidel method:
all of the time and x derivatives in the left-hand sides of Eqs,
(21-24) are evaluated implicitly together with the diagonal
contributions of the y and z derivatives, so that only N2 4x4
block-tridiagonal systems (of order N) have to be solved at
every time level. By accounting for the previously evaluated
nontridiagonal entries explicitly, the matrix A is effectively
replaced by its three main diagonals plus its two additional
nonzero lower diagonals. Furthermore, the ordering of the
solution process is changed at every time step so as to account
for the two additional nonzero upper or lower diagonals,
alternately.

A Block-Point-Gauss-Seidel (BPGS) Method
By taking the logic behind the previous method to its

extreme, an obvious choice presents itself: to replace matrix A
with its lower or upper triangular part. In Eqs. (21-24) the
diagonal contributions are accounted for implicitly, and the
previously evaluated off-diagonal contributions are brought to
the right-hand sides of the equations and accounted for ex-
plicitly. At every gridpoint location, a 4 X 4 linear system
needs to be solved as in the BE method. However, due to its
variable coefficients, the local 4 X 4 matrix cannot be tri-
angularized, and a complete Gauss-Jordan elimination proce-
dure, using diagonal pivot strategy, has been employed (here,
as well as to solve the local linear systems within a general
block-tridiagonal inversion routine in all of the present im-
plicit methods).

A Simplified-Line Gauss-Seidel (SLGS) Method
From their very definitions [Eqs. (9)] and their compatibility

conditions [Eqs. (8)], it appears that the waves associated with
the bicharacteristic variables C and D mainly propagate in
the x direction, whereas the E and F waves and the G and H
waves mainly propagate in the y and z directions, respec-
tively. Therefore, it would seem appropriate to devise a
numerical method exploiting such a property of the compati-
bility Eqs. (8), as done in Refs. 7 and 8 for the case of one-
and two-dimensional flows. However, whereas Moretti7'8 in-
tegrates the compatibility conditions directly, here Eqs. (13-18)
are preferred for the two reasons previously discussed. In
conclusion, the following simplified line-Gauss-Seidel method
is proposed here: Eqs. (21) and (24) are solved coupled
together for the AC and AZ> variables by means of a line-
Gauss-Seidel method, implicit in the x direction, so that a
2 x 2 block-tridiagonal system of order N has to be solved at
every y- and zk grid point location. Equations (22) and (23)
are then solved by means of line-Gauss-Seidel methods im-
plicit in the y and z direction, respectively, so that 27V2

additional scalar tridiagonal systems need to be solved. Obvi-
ously, Eqs. (25) and (26) are used to eliminate A/1 and A/f
from Eqs. (21-24) and all of the AC,.. . ,A# terms already
evaluated at any level of the computation process are accounted
for in the right-hand sides of the equations. Furthermore,
since the continuity Eq. (24) does not have a main direction of
propagation, it is coupled to Eq. (22) to evaluate AE and AF
implicitly in the y direction, and Eq. (23) to evaluate AG and
A H implicitly in the z direction, at successive time steps.

As far as the boundary conditions are concerned, they can
be implemented, in general, as suggested in Ref. 6 and are
contained in both the matrix A and the vector b, so that they
are accounted for with the level of implicitness typical of every
single method. However, for simplicity, in the present applica-
tions the exact solution of the continuum problem is enforced
at all boundaries to provide homogeneous boundary condi-
tions for the incremental bicharacteristic variables.

Results
In order to test the proposed methods, a simple, steady,

one-dimensional spherical source flow of air (y = 1.4) has

been considered. For such a flowfield the continuity and
energy equations are given as

0.2V2. +a2

(32)

(33)

vr being the radial velocity component and r the radial
distance from the origin, so that an "exact" solution can be
easily computed for vr and a. Such a "one-dimensional"
flowfield has, however, a three-dimensional nature in a Carte-
sian coordinate system and can be a very suitable model
problem if solved inside an appropriate computational do-
main, such as the unit cube with 2 < x < 3, -0.5 <y < 0.5,
and — 0.5 < z < 0.5, used in the present calculations. In such a
region, in fact, the flowfield under investigation is char-
acterized by a dominant flow direction (the velocity vector v
being at most at a 20 deg angle with respect to the x axis) as is
the case of most compressible flows of practical interest (if a
body-oriented coordinate system is used) and by both positive
and negative values for the transversal velocity components v
and w.

Three flow conditions have been considered: the subsonic
flow corresponding to cl = 3.2 and c2 = 1.128 and the super-
sonic and transonic flows corresponding to c1 — 4.2 and c2 =
1.2205. In the last case, an isentropic shock at r = 2.15 sep-
arates a supersonic region (for r < 2.15) from a subsonic one
(for r>2.15). All of the calculations were performed using
two-point first-order-accurate upwind differences throughout
and a uniform, rather coarse mesh with A.x = Aj> = Az = 0.1.
A flowfield having the exact values for u and a and zero v
and w has been used as a suitable initial condition. The
solution was advanced in time by means of any of the pro-
posed methods using a constant (in time) and uniform (in
space) value of Af , until the average absolute value of AC at
all interior points was less than 10~6. The final steady-state
solution is obviously the same for all of the methods; the
computed Mach number distribution along the x axis is
plotted in Fig. 1 for each of the three flow cases vs the exact
solution. It appears that the present numerical results are
fairly good for the subsonic and supersonic case and qualita-
tively correct for the transonic one. In particular, the shock is
captured in the correct mesh interval and no wiggles are
present, in spite of the absence of any additional dissipation.
However, for shocks as strong as that given in Fig. 1, a
shock-fitting procedure is warranted.

The main purpose of this paper was to devise "efficient"
implicit methods for the three-dimensional lambda-formula-
tion equations. Therefore the performances of all of the pres-
ent methods are given in Table 1 as the values of Af leading
to the fastest convergence and the corresponding number of

2.5 -
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Fig. 1 Numerical (symbols) vs. exact (solid lines) solutions for spheri-
cal source flows.
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Table 1 Performance of the various numerical methods

Subsonic flow Supersonic flow Transonic flow
Method A; K CPU, s A/ K CPU, s A/ /f CPU, s
BE , 0.03 178 57 0.03 62 21 0.03 403 128
BADI 0.3 35 361 0.3 38 398 0.3 86 887
BLGS > 5 18 75 > 2 11 46 > 10 71 290
BPGS > 5 29 49 > 2 11 20 > 10 76 126
SLGS 2.0 22 34 0.4 27 41 > 10 99 147

time steps (K) and CPU seconds (on a CDC Cyber 175
computer).

The following conclusions can be drawn from Table 1. For
the supersonic flow case the BE and BPGS methods are clearly
superior. This is obvious insofar as there is no upstream
propagation in the x direction and thus the implicit methods
use most of the CPU time accounting for zero entries. In
terms of the number of iterations, the performance of the
BLGS and BPGS methods are identical, as they should be (all
of the x derivatives being approximated with backward dif-
ferences). For the more relevant transonic and subsonic flow
cases the BLGS method always requires the fewest iterations
to converge. However, the BPGS, SLGS, and BE methods are
the most efficient ones, whereas, the BADI method is con-
sistently the least competitive one. It is noteworthy that all of
the Gauss-Seidel methods are very robust insofar as they
maintain a quasi-optimal convergence rate over a wide range
of Ar values.

Among the three "best methods," the BPGS and the BE
methods are considerably simpler to code and require les,s
computer memory, a very critical resource when dealing with
three-dimensional problems. Therefore, preliminary studies
have been conducted to assess the influence on their conver-
gence rate of refining the mesh and using three-point second-
order-accurate upwind differences for the nonincremental
terms in Eqs. (21-24). Both methods converge in a number
of iterations which is roughly inversely proportional to the
step size (e.g., for the subsonic flow problem, convergence is
reached after 261 and 52 iterations for a 173 mesh and after
309 and 59 iterations for a 213 mesh, for the BE and the
BPGS methods, respectively. However, it is noteworthy that
for these calculations (performed on a VAX 11/750 com-
puter), the BE method required about 2.5 more CPU time
than the BPGS method. This indicates that the solution routine
for the local 4 X 4 linear systems used in this study works
much less efficiently on the Cyber 175 than on the VAX
11/750, and that the superiority of the BPGS method over the
BE one is greater than it actually appears from Table 1. Also,
the use of second-order-accurate spatial differencing for the
nonincremental derivatives deteriorates the convergence rate
of the BPGS method less than that of the BE method. Finally,
the superiority of the BPGS method (with respect to the BE
method) is expected to increase even further by using a

variable A/5'6'12 and when more general boundary conditions
are employed because the additional work will be relatively
greater for the simpler BE method.

In conclusion, the BPGS method, by itself or as a robust
smoother within a more general multigrid procedure, appears
to be the most promising technique for solving three-dimen-
sional compressible flow problems. Furthermore both the
BLGS and SLGS methods proposed herein appear to be very
promising alternatives to the ADI method of Refs. 5 and 6 for
solving two-dimensional steady flows. In this process they are
likely to outperform even the present BPGS method.
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